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MECHANICS OF MATERIAL

Analysis of Stress

Sign Convention Tension +ve, Compression —ve, 6 anticlockwise +ve, 0y > Oy, shear clockwise positive.

If a element is applied by stresses as shown in Fig.1 and we need to find the normal stress and tangential stress on a
plane, making angle 6 with the plane on which o, is applied. 6 is also the angle between the axis on which 0y

a,

Oy Y

> P, = S+ BT 00520 + qsin20

2 2
> P =

A7$ A Pn

Ox—

2

a X
P. = /P2 + P? 4 o 5 v a4 o Py

% 5in20 — qcos20

93]

The sum of normal stress acting on perpendicular faces of a A
plane stresses element is always constant and independent of 6.

As shown in Fig.3 oy + 0y = Pyq + Py

Transformation equation for plane stress

» Fig.4 shows the normal stress condition but if the stress block is rotated by an angle 6, than the value of the
stresses will change and the new values will be o, 0'§, & q' as shown in Fig.5 the values will be as follows

; _ Oxtoy n ox—

Oy . TGYCOSZG +gsin20 q' = ?Sinze — qcos26

> oy, will be calculated by the same principal of as discussed above that the sum of the normal stress is constant.
ox + 0y = 0y’ + 0, orbyputting® = 6 + 90 in above equation

Principal Stresses and Principal Planes

» The value of normal stress changes with change in angle 8, at any certain angle the value of P, will be either
maximum or minimum. The plane on which the value of P, is either maximum or minimum are known as Principal
planes and the stress are known as Principal stresses.




MECHANICS OF MATERIAL

> Principal Stress P, = P,, Max (Major Principal stresses) or P, = P,,, Min (Minor Principal stresses)

than these stresses are known as Principal stresses and the planes on which they acted are known as Principal
planes.

oy t+ o oy to Oy — Oy 2
Pn,MaX=¥+R Pn,Minz%—R where R = (%) + q?

The angel '8’ on which major principal plane exist is given by tan20 = and the minor plane angel is 6 + 90°

x~Oy
Principal Planes are those planes where normal stresses are either maximum or minimum and shear stress is zero.

The tangential stress on Principal plane is 0.

Maximum Shear Stress

Oy — Oy 2 P,,Max — P,, Min
(P),Max = (%) +@2=R=— > .

Py, Max+Pp,Min

Value of normal stress on the plane having maximum shear = (Pn)pthaX = >

Maximum shear stress will occur at a plane making an angle of 45° or 135° with the principal planes. Hence, first find
the principal plane and then plane having maximum shear.

Mohr Circle

» For mohr circle, axial stress on x-axis and shear stresses on y-axis.

Ox—Oy

. . . 2 2 . . . O-X+O-y
» The radius of mohr circle is ( ) + g% = R The coordinate of center of mohr circle is ( ey O)

» Each line joining the center of mohr circle and point on mohr circle represents a plane

O'y Plane CD
q Shear Stress Shear Stress Maximum Shear Plane
A B (O'yyq) (anPt) Major Principal Plane
q R
0 Pn,Min 20 Pn,Max P, . Max
Ox o \ © Axial Stres P O Q' Axial Stress
g
C D (oxFar,)/2 5
q Fig.6 (0%,-q) |
Fig.8
d, . Flane AC Minor Principal Plane
Y Fig.7

> The line joining center and point A (0y, +q) and point B (0 , —q) are planes represented by OA and OB
respectively. Join the line AB.

The point O is the bisector of line join A and B. Now make a angle of 20, with the line OB to find o, & 0

» If we take angle from the center of the mohr circle than angle will be always twice the actual angle.

> As shown in Fig.8 the angle between planes having P,, Max (0Q)and P,, Min(OP) is 180 on mohr circle

hence the original angle between the planes having P,, Max (OP)and P,, Min(0Q) is 90°

Y
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MECHANICS OF MATERIAL

> As shown in Fig.8 the angle between P, Max (0Q)and P, Max(OR) = 90° on mohr circle. So actual angle is

45° the angle between P, Min (OP)and P, Max(OR) = 90° on mohr circle. So actual angle is 45°.

» As shown in Fig.8 the shear stress on OQ planes (Major principal Plane) and shear stress on OP plane (Minor
Principal Plane) is zero.

» From above discussion it is clear that the center of the circle will always lie on Axial stress axis, Hence to draw the
mobhr circle we require two point on circle (either diametrically opposite or not diametrically opposite).

Example1. Find the intensity of normal stress, shear stress, and resultant stress on a plane, the normal of which is
inclined 30°, to the axis of the bar. Find maximum shear stress and draw mohr circle.

100N/mm? N 100N/mm?

Fig.9 8

(PoJmax=50
A 2 (PnP)=(75,43.3)

lane AB
P
100N/mm? 5 ~0 0 100N/mm? 100.0
30 807 — y 0 w 0)
P Plane AC

C B

Solution As shown in Fig.10 AB is the plane on which we need to find normal and tangenial stresses.

P, = % + %COSZO + gsin20 P, = GX;GY sin20 — qcos20 P, = /P2 + P?

Ox—Oy 2

(P),Max = (T) + g2

Substitute o, = 100,06, = 0, = 0,6 = 30° weget P, = ;i: Pe= i;lz\] ‘

27

& Pr — 86.6N

mm?
(P,), Max = 50N/mm?

Mohr Circle= As shown in Fig.11 the stress coordinate is w= (100,0) and other stress co-ordinate is y=(0,0), join wy
the mid point of wy will be center of the mohr circle, O=(50,0).

The plane on which tangential and normal stress is required is AB (as shown in Fig.11 ) the angle between plane AB
and vertical plane (AC) is 30°. Hence the angle between OW and OXis 60°. (the AC plane on stress element is OW
plane on mohr circle and AB plane on stress element is OX plane on mohr circle.

The coordinate of ‘X’ (75,43.3) represent the P, & P, on plane AB.
Plane OZ on mohr circle represent the plane of maximum shear stress and the value of max shear stress is 50N /mm?

Example2 Find the stresses on a plane for the plane stresses as shown , the normal of which is inclined 45°
clockwise. (all units in N/mmz)

45 !
Solution
A | =130
B - -
P, = % + %cosZG + qsin26 P, = zeoy sin20 — qcos26
120 120
20 c D Substitute 0, = 120,00y = 45,q = 30,0 = —459& —16% we get

45 Fig.12

‘ w



MECHANICS OF MATERIAL

For = —45° P, =52.5P, = —37.5 For®=—16P, = 98.41 P, = —45.31

For Mohr circle

Plane AB
(45,30).5 Plane AC & BD on stress element is plane OA &OB on mohr circle. Point
‘O’ is the mid point of line AB.
o From OA draw the line OC at a angle of 32° clockwise (actual angle is 16°)

Fig.13 " (oaa1 -45.31)

The ordinate of point D will give P, P, = (52.5, —37.5) 45
Example3. Find the stress component on a plane 60° to that of the tensile stress clockwise A—‘u’—‘g?;o
Solution P, = DY 4 BT 00520 + qsin26 P, = 2= in20 — qcos20 [\

2 2 2 120 120

. 0 Cc D

Substitute oy = 120, 0, = —45,9 =30,06 = —60 30 —F——
we get P, = —29.73 P, = —56.44 Fig.14 43

Plane AC - The ordinate of point C will give P,, P, = (98.42, —45.31)

(120.-30) From OA draw the line OD at a angle of 90° clockwise (actual angle is 45°)

First put the coordinate A (-45,-30) & B (120,-30). Join AB. The point where line cut the x-axis is center of the circle.
With center as O and OA or OB as radius draw the circle. As shown in Fig. 15

Pl

(-45.-30)

(-50.2.0)

OA is plane CD in stress element and OB is plane AC in stress plane. Draw a
line at an angle of 120° from OB, which gives a clockwise plane OC where we
need to find the stress, the coordinate of C P, P, = —29.73,56.44 are the

stress on the plane.
o] (125.0)

(-29.73,-56.44)

Plahe AC
120

: Fig.15

(120,-30)

Example4 For the given stress element find the principal stresses and find the linear strain in diagonal.

Max Shear plane

(0,30)
A -130
B
(-30,0)
- B
G gy o D Fig1s
Fig.16 Minor Principal plane .

Solution the given stress element is a case of pure shear. the plane AB on mohr circle is OA and the plane BD on
mobhr circle is OB. The principal stress plane is OC and OD. the principal stress is 30 and at an angle of 45° clockwise
from AC which is the diagonal joining AD. Similarly the minor principal stress is also 30 but compressive and at an
angle of 45° from BD anticlockwise.
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MECHANICS OF MATERIAL

The linear strain in diagonal is e = %

Example5 At a point in a material under stress, the intensity of resultant stress on a certain plane is 60N/mm? (tensile)
inclined at 30 to the normal of that plane. The stresses on a plane at right angles to this has a normal tensile
component of intensity of 40N/mm? as shown in Fig.19. Find (1) the resultant stress on the second plane (2) the
principal planes and stresses and (3) plane of maximum shear stress.

.Solution On the plane BD the tangential stress is 60sin30°=30N/mm?. Hence on the plane AB, the complimentary
shear stress of magnitude 30N/mm? will develop. The normal stress on plane BD is 60c0s30°=51.2N/mm?. The final
stresses element is shown in Fig.20 with stress element as shown in Fig.20 draw the mohr circle and find the
stresses. Mohr circle is shown in Fig.21

40 40 Max Shear plane
A A | 30 20
B 60 B
30°
51.2
Fig.19 D D B
Fig.20 (51.2,-30)

Minor Principal plane Fig.21

Example6 Find the principal stresses and the angle between the plane PQ & PR as shown in Fig.22

50
75
R
P
45
(45,-30) lane PQ
30 (5i922 ig.23

Solution these type of questions are can best be solved by Mohr circle.

Plot the coordinate A(45,-30) and B(75,50) both the points lie on the circle but they are not diametrically opposite (the
chord joining AB is not the diameter because the y cordiante is not same). But we know that the line joining the mid
point of chord and center of the circle is perpendicular to the chord. We will apply this property to find the center of the
mobhr circle.

Find the mid point of chord AB which is ‘C’ from ‘C’ draw the perpendicular on x-axis. The point where perpendicular
cut the x-axis is the center of mohr circe. As shown in Fig.23 the ‘O’ is the center of the circle. Taking OB as radius

draw the circle as shown in Fig.23. Plane OA on mohr circle is plane PQ, plane OB on mohr circle is plane PR. The
angle between the plane on mohr circle is 144°, so actual angle is 72°. The principal stress are 124.5 and 25.

‘ w



MECHANICS OF MATERIAL
ANALAYSIS OF STRAIN

» Analysis of strain is same as analysis of stress, just replace the axial stress by axial strain and shear stress by
shear strain/2 and 6 is the angle measured by x-axis instead of y-axis.

» Sign convention will be same, Tensile strain +ve, compressive strain —ve, 8 clockwise +ve, shear strain
clockwise +ve

. . . 1
> All the formula and mohr circle will be same just replace 0y = €y, 0y = €y, q = QSE

» Please note that shear stress , is replace by shear strain /2 (¢ /2)

ey
e, t+e, e,—e 1
A @ e, = X2 Y+ Xz yc0529+®§sin29
€n B 0 en  ev—e 1
2 == Y45in20 — @=cos20
2 2 2
ex e
e X e, +e . ext+e
Je 8 'D (onsMax) = =5 4R e Min === ~R
o2
q) whereR=\/(¥) +(®/2)2
Fig.24 e,

The angel '8’ on which major principal plane exist is given by tan20 = and the minor plane angel is 8 + 90°

x~ Oy

ex—ey

2 .
1 02 ep,Max—e,,Min
(et, Max) - = (—) +—=R=2 " 1
2 2 4 2

en,Max+ep,Min

Value of normal stress on the plane having maximum shear = (ep) @e, Max = .

» In experimental works, strains are measured with the help of strain gauges or strain rosettes. Hence, stresses
are calculated by the strain obtained from strain rosettes.

> Ife, & ey, are perpendicular strain obtained by strain rosettes than respective stresses will be given by

_ E(ex + pey) . E(ey + uex)
Py = 1— H2 & y 1 — uz

Example1 A flat brass plate was stretched by tensile force acing in direction x and y at right angle. Strain gauges
show that strains in x direction was .00108 and in the y-direction 0.00024. Find (1) stresses acing in x-direction and y
direction (2) direct and shearing stains on a plane inclined at 40° to the x-direction (3) normal and shearing stresses
on that plane. Take E=80KN/mm? and u=0.3.

Solution Given e; = .00108 & e, = 0.00024 §=0 6=40°

> ep = 20N 4 B 6620 + P sin20 = e, = 7.33 % 107
2 2 2

P = 22 5in20 — P~ 0520 = e, = 8.28 x 107* radian

103(0.00108+.3%.00024) __101.27N

> P, = Xexthed) . p _ g«

1-p? 1-0.32 mm?
E(ey+pe 103(0.00024+.3+.00108) __ 49.58N
P R 3+00108) _ 4958
y 1—p 1-0.3 mm

The find normal stress and shear stress we will use analysis of stress but the angle will be 90°-40°=50° (in analysis of

stress the angle is with the y-axis) P, = 101.27 & P, = 49.56 & q = 0P, =~ % &P, = =%

mm?2

‘ o



MECHANICS OF MATERIAL

Example2 A brass plate 3mm thick is stretched in the plane of the plate in two direction at right angles. An

extensometer, arranged in X-direction gave an extension of 0.0413mm on a gauge length of 50mm, while another
arranged in Y direction gave an extension of 0.0187mm on a gauge length of 100mm.if the normal stress on a plane
making angle 8 with Y-axis is 66N/mm?, find angle 6. Find also the decrease in the thickness of the plate. E of the

brass=80N/mm? and u=0.3.

0.0413

Solution Strain in X & Y direction e, = —— = 8.25x107* & ey = 00187 _ 187 %1074
_ E(ex+pe;) _ 2 _ E(ey+pey) __ 31.9IN
X—;‘_—M:>0X—7566N/mm Gy—vﬁﬁy— 2

0 is the angle between normal stress and Y-axis hence angle between Y-axis and plane is 90-6.

Substituting

0,=75.66

0,=31.91,

g=0 and 6 =90-6 P,=66

p, = XU 4 5% 14520 + gsin20 = 6 =620

2

Strain in the direction of thickness

e, = —

Mox

Loy
E

=2 4 (75.65—31.91) = —1.64+ 10~ =
80000

X 164x107

t 3

Hence change in thickness is -4.92x10* mm (decrease in thickness)

Example3 A piece of material is subjected to three perpendicular tensile stresses and the strains in the three mutual
direction are in ratio of 2:3:4. If y=0.286. Find the ratio of the stresses and their value if the greatest is 100N/mm?.

Solution e; = 0; — (0, —03) €; =0, — p(0o; — 03) €3 = 03 — u(o; — 03)

Given ej:eyie; = 2:3:4 ore; = 2X e, = 3X e3 = 4X (X = constant)

» 2X=0;—uwoy; —03).....(1) 3X =0, —u(o; — 03) evvev .. (2) 4X = 03 — u(og — 03) .....(3)

Solving above equations we get 6; = 5.97XE 0, = 6.86XE 03 = 7.52XE

01:0,:03 = 5.97:6.86:7.52 = 0.79:0.911: 1

Hence o3 is the greatest =100N/mm?, 0, =

Example4 A plate as shown in Fig.24 has a circle of 400mm diameter. Find the length of the major and minor axis if y

=0.286 and E=205KN/mm?.

100

20

30

/a00mm,
\_/

D

30

20

100

91.1N 79.34N
01 =

mm?2 mm?2

Solution

ox + oy

P,, Max = >

+R P, ,Min=—o

where R = (%)2 + q?

oy =100 oy =20 q = 30 Substituing in the above equation

110N .
Pp,Max=— Py, Min= 10N/mm?

2

~



MECHANICS OF MATERIAL

__110-0.286%10

Major Principal Strain emay = ———— = 5.22 * 10™* (increases)

. . . 10-0.286%110 _
Minor Princiapal Strain epi, = — ———— = —1.047 ( minus shows decrease)

Major Axis length= (400 + 400 * e,,) = 400(1 + 5.226 * 107*) = 400.209mm

Minor Axis length = (400 — 400 * e,,;,) = 400(1 — 1.047 * 10~*) = 399.958mm

‘ 0



MECHANICS OF MATERIAL
STRESS-STRAIN

Force

» Stress is defined as force per unitarea 0 = ———— . A
Average Area P

> The unit of stress in N/m? or Pascal (1 N/m?=1 Pascal ) <A

» as shown in Fig.1 if a force ‘P’ is applied at a cross section ‘A’ than ' P

Longitudinal Stress 0 = P/A Fig.1 Oy

» To define stress we need magnitude of force, direction of force and area on
which this force is applied (plane on which the stress is acted).
» Stress is a two rank tensor. Vector is a one rank tensor. Scalar quantities is a

Ty Tyz Ty
zero rank tensor. .

T 7

AP
| Fig.2
Oxx Txy Txz S
. . . y
> Stress in 3 dimension Stress = {Tyx  Oyy Tyz l .
Tzx sz Ozz —-}'x
T.Xy
- % L
where Oyy, Oyy, 07, are axial stresses and Tyy, Txz, Tyx, Tyz, Tzx, Tzx are shear -— o —
X
stresses. Ty
T, .
R Fig.3
. o . : Oxx Txy
> Plain stress =Stress in 2 dimension is known as Plain stress | o g
yXx yy ¥

> For equilibrium Tyy = Tyy (obtained by moment equilibrium equation) and this is known as complimentary shear

stress.
» For shear stress in a given direction cannot exist without a balancing shear stress of equal
intensity in a direction at right angle to it. A P
A
Strain T T
L L
» When a material is loaded with a force, it produces a stress, which then causes a material J l
to deform. - >
» Longitudinal Strain or Strain is defined as the amount of deformation in the direction of the Fig.4 v

applied force divided by the initial length of the material. The deformation can be elongation or contraction.
» Strain has no unit. It is denoted by change in length per unit length.

P
» As shown in Fig.4 a force ‘P’ is applied over area ‘A’ thus longitudinal stress 0 = y which causes elongation of

the bar by A,. The initial length of the bar is “L’ than

. . . change in length A
Longitudinal strain € = # = -
original length L

If deformation is elongation than force applied is tensile or vice-versa

Lateral Strain = When a sample of material is stretched in one direction, it tends to get thinner in the other two
directions. Similarly, When a sample of material is compressed in one direction, it tends to get thicker in the other two
directions. Lateral strain of a deformed body is defined as the ratio of the change in length (breadth of a rectangular
bar or diameter of a circular bar) of the body due to the deformation to its original length (breadth of a rectangular bar
or diameter of a circular bar) in a direction perpendicular to
the force

S poan) D Lo Lateral Strain €, or &,, = —




MECHANICS OF MATERIAL

T . AL
Longitudinal strain €y, = T

Shear Strain =this is measure of change in angle when shear force/shear stress is applied.
When shear stress is applied than the shape of the body changes. ax.

A
Oy = == the shear strain measures the distortion of the angle.

Volumetric Strain= It is the ratio of change in volume to the original volume.= AV /V Fig.6

AV
v ostyte

A cube merged at the center of the sea is the example of three mutually perpendicular like and equal stresses(as per
pascal law). When these stresses are applied there will be no change in shape of the body (cube will remain cube)

only its dimension will change i.e no effect of shear.

Stress-Strain Curve

Fracture point <
OA  Uttimate Tensile
’—F‘;: roportionality limit ‘9_“" E OE;E”D%?E%JJE:‘
T B ,v..x.«g——-"""'fﬂ_\:-_ SU a
Ip/;f“\\\.,_ \— Plastic behaviour Fracture
0 | 1~ Elastic limit ; Mo
. e @
Bl ' 5 P Yield Point
[~ 7 Elastic behaviour 0 Praportionality Limit
| i ‘ Linear Elastic Region
| [ ;7 Permanentset Kl—E, Elastic Modulus (slope)
s : -
Fig7 O G , F ' .
g Strain ———> 0.2% &y Strain Figg E&f &

Portion OA is the straight line which clearly shows that stress produced is directly proportional to strain i.e., Hook's law
is perfectly obeyed upto A and on removal of stress wire or bar will recover its original condition. Point A is called

Proportionality limit

(ii). As soon as proportionality limit is crossed beyond point A, the strain increases more rapidly than stress and curve
AB in graph shows that extension of wire in this limit is partly elastic and partly plastic and point B is the elastic limit of
the material. Thus if we start decreasing load from point B the graph does not come to O via path BAO instead it
traces straight line BG. So that there remains a residual strain. This is called permanent set.

(iii). If we continue to increases the stress beyond point B then for little or no increase in stress the strain increases
rapidly upto point C.

(iv). Further increase of stress beyond point C produces a large increase in strain untill a point E is reached at which
fracture takes place and from B to D material is said to undergo plastic flow which is irreversible.

The wire exhibits elasticity from O to b and plasticity from b to d. If the distance between b and d is more, then the

>
metal is ductile. If the distance between b and d is small, then metal is brittle

» The substances which break as soon as the stress is increased beyond elastic limit are called brittle substances
eg: glass, cast iron, high carbon steel.

» The substances which have a large plastic range are called ductile substances. Eg: copper, lead, gold, silver, iron,

aluminum. Ductile materials can be drawn into wires.
» Malleable materials can be hammered into thin sheets. Eg: gold, silver, lead.

‘ N




MECHANICS OF MATERIAL

Homogenous Material= In engineering a material is said to be homogenous, if the material’s elastic property are
same, at all the points .

Isotropic Material= An isotropic material is a material having the same elastic properties in all direction of the body.

Anisotropic Material= An anisotropic material is a material having no elastic property same in any direction of the
material.

Orthotropic Material = An orthotropic material is a material having different elastic properties in three mutually
perpendicular direction at any one point of the body.

» Total independent elastic constant for isotropic and homogenous material is 2.
» Total independent elastic constant for an orthotropic material is 9.

Elastic constant

» Elastic constants give the relationship between stress and strain. Elastic constant value is constant within the limit
of Hook’s law and their value only depends on material.

P
. o . . I i PL
1) Modulus of Elasticity E; = itis a ratio of axial stress and longitudinal stress E¢ = % =A= AL
T
. . . PL
Or change in length along the applied force is AL = i
. . ) PL . . . ]
If force is tensile than final length=L + T if force is compressive than final length .
L— E 8
AE
. . A_D Ep— —» £
. . __Laterial Strain _ & _ D 2 2
2) Poisson Ratio 1 = Longidinal Strain e, %
» As shown in Fig.9 if longitudinal strain is compressive than lateral strain is F g,
tensile and vice-versa. Fig.9
» Theoretically the range of Poisson ratio is -1 to 0.5 but practically its range is 0 to

0.5.
Stress =
3) Bulk Modulus (K) = — AV

Volumetric Strain \%
» When a body is subjected to three mutually perpendicular like stress o, than the
ratio of stress to the volumetric strain is known as Bulk Modulus.

4) Modulus of Rigidity or Shear Modulus (G or N)

g =
% L) L)
A Force A B A B A A B B
d ~ ql 7
/ ‘q 4 !
i N i
b dylc D q -
T v -
Shear force Flg-12 Flg'13 C b
GorN=%=%whereq=§& (Z)=% Fig.14

» By applying shear, as shown in Fig.12 the complimentary shear stress are produced at faces AC and BD as
shown in Fig.13

‘ w



MECHANICS OF MATERIAL

» This is a case of pure shear, across the diagonal ‘BC’ will be in tension and diagonal AD will be compression
as shown in Fig.14 the stress generated in both the diagonal will be q as shown in Fig.14 (this will be more
covered in mohr circle chapter)

» The longitudinal strain because of q stress in both the diagonal will be %.

» The longitudinal strain in both the diagonal is half the shear stain.

Relationship between E K, G, n

9KG 3K-2G
1) E=2N1+w 2)E = 3K(1 — 2p) 3)E = GRIG) 4Hu= eK12G
> E>K>G
Example1. Find the change in volume per unit volume, if a axial force is applied as shown in Fig.15 the cross section
areais A. L
B
Solution V = LBH & 6V = 8L * BH 4+ 6B * LH + 6H * LB
P H P
sV 8L 6B SH
7—T+F+F—ex+ey+ez Fig.15
Increase in length CL Decrease in width 3B 1 (E * l) Decrease in height L M (E * l)
L A E B A E H A E

8V P p P_P .
v _AE "AE MAE T AE W

Example2 Find the change in volume per unit volume or dilation as shown in Fig.16

Solution As discussed in example1, /r
8V 8L & 8H _
o T tE TS exteyte (ex + ey + e, is known as 5 ||-
dilation)
H\/ Txx
For the given fig.16
e —Oxx _ Oyy _ Ozz Ozz Fig.16
X E E E
=%y _ Oxx_ Oz — %z _ %y _ | %xx
&y = “HE MR & & T TR U
oV Oxx T Oyy + 04
Vzex+ey+e2= B (1-2wp

Example3. A bar of 25mm diameter is subjected to a pull of 40KN. The length of the bar is 200mm and extension is
0.085 and change in @ is 0.003mm. Calculate all the constant.

Solution Given L=200mm AL=0.085 @=25mm A@ =0.003mm A=0.7854*25°=490.87mm? P=40KN

i in= & = — = i — 5 2
Linear Strain=— = — = E AL E =1917 * 10°N/mm
AT 4.25%107% ¢ N
M= 200 = 120+ 0.28 E=3K(1-2p) = K=1468+10 —

E = 2N(1 + p) = N = 0.748 * 10°N/mm?
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Shear Force

Shear force is the algebraic sum of all the transverse forces acting on either side of the section. (Remember, after
finding the reaction, treat reaction as a externally applied load).

Sign convention :- +ve X-X is a section
X
| The upward force on left hand side of section is +ve

The downward force on Right hand side of section is +ve

Fig 1
ig )\(
+
Example :- 4+ye )T tve -ve )|( ve ve
)‘( -ve | -VE ‘ ‘
D
p | e - F
| B C O B | C £
J( +ye tve | +ve | Ve
Fig 2 A X -ve X -ve
Fig 3 Fig 4

From Fig3, if we take a section X-X and consider left hand side than force at C is —ve (because as per sign
convention all the vertical downward force on left hand side is —ve) but for the same beam and same loading in Fig 4,
if the position of the section X-X changes than the same force at C is +ve (because as per our sign convention all the
vertical downward force on right hand side is +ve) which mean that selection of section decides the sign of shear
force. Similarly check can be done for force at D.

» understanding of sign is very important.
Bending moment

Bending moment is the algebraic sum of all the moments on either side of the section.

Sign convention:- e X-X is a section
‘ All the clockwise moment on left side of the section is +ve
‘ All the anticlockwise moment on right side of the section is -ve
Fig 5 |
X
+ve
Example +ve e X +v +ve X +ve
4 +ve | %, .- | - 5.
D V F N/ D F
B . C ‘ | B | C- E
| ve V| e -ve
% -VE —ve X A X
Fig 5 Fig 6 Fig 7

From Fig6 & Fig7 itis clear that the bending moment induced by force at C and force at D does not change with
change in section. Hence the bending moment induced by vertical forces does not change with change in section.




Example X X
+ve X
tve +ve +ve +ve
78 \c (\ A B/ | \c N
198 SV 4 Y4
A tve -ve
Fig 8 X Fig 9 X X Fig 10

From Fig 9, moment at B is +ve, moment at C is +ve, moment at D is +ve, from Fig10, moment at B is +ve , moment
at C is —ve, moment at D is +ve. Hence, the sign of applied moment changes with change in section.

How to write Shear Force and Bending Moment Equation.

Step1, Find all the reactions and treat all the reactions as externally applied loads.

10KN 10KN
10KN/m 10KN/m
245KN-m Hﬁ 245KN-m
N1m 1m - K 1m 1m
/ 5m - 5m
Fig 11 Fig 12
60KN 60KN
10K 10KN 10KM 10KN
1m 1m 1m __ im 1m 1m
T0KM Flg 13 10KN 10KN Flg 14 1 0KM
Step2,.. Label all the important points on the beam.,
TOKN TOKN
10KN
10KN/m
o 1m 1m m A
245KN-m c 5
D% 1m 1m
C 5m B A
Fig 15 TOKN Fig 16 10KN
+ve +ve
BOKN X "
Step 3,. Choose the Sign Convention as discussed / ; ( ‘ j
|V |
Fig 17 X X Fig 18

Step 4, Now in between the two labeled points draw a section, take either left or right side of the section ( Tip:- try to
take a side having less loads than the other side) For Shear Force, Sum algebraically all the vertical force on chosen
side (i.e one by one take each load and write sign and value of load Ex +15KN, or -10x° etc) and for Bending Moment,




sum algebraically all the moment on chosen side.( i.e one by one take each load and write sign, value of load and
lever arm if any Ex +15*4 or - (15*x)*x/2) (for UDL and VDL convert them into point loads).

10KN 10kN X
For region AB, section x-x taking Right hand side (x varies from 0 to 1)
1 1
p ™ c fm 5 i A (S.F)= -10 S.F is constant in region AB
. (B.M)= 10(x) B.Mis varying linear in region AB.
Fig 19 tve e x

10KN 10KN >|‘ |
[N

10KN X 10KN

X X
For region BC, section x-x taking Right hand side(x varies from 1 to 2)
D 1m m 1m A (S.F) = -10+10=0 S.F is constantin region CB
cC B (B.M)= 10(x) -10(x-1) =10 B.M s constant in region CB
‘ X
10KN X Fig 20 10KN
X 10KN 10KN

For region DC, section x-x taking Left hand side (less force on left side)

p 1m 1m Tm A (x varies from 0 to 1)
C B
(S.F)= +10 S.F is constant in region DC
X Fig 21 (B.M)= 10(x) B.M s varying linear in region DC
10KN X 10KN
Table 1

REGION | LIMIT | SHEAR BENDING Variation of S.F & B.M Boundary Boundary

OF X | FORCE MOMENT Value of S.F Value of B.M
A-B Oto1 | -10 10(x) Constant & linear -10, -10 0,10
B-C 1t02 |0 10 Constant & Constant 0,0 10,10
C-D Oto1 |10 10(x) Constant & linear 10,10 0,10

For drawing the Shear force diagram & Bending moment diagram use table above, i.e for each region find the
boundary value and the variation of shear force and bending moment along the length in that particular region.

Important:- outside the beam both shear force and bending moment is 0. Hence at the ends of beam we can have two
values of Shear force and bending moment, one value is always zero and the other is the boundary values obtain from
table.




10 10

10 10

0 0 0 0 o0 0
D C B A D C B A
SFD B.M.D

Fig 22 10 10 Fig 23

At point A,B,C,D we have two value of shear force. The explanation is as follows:-

10KN 10KN ALK

If we consider section X-X which is just right of point A than the
value of S.F is 0 but if we consider the section X’-X’ which is just left
of point A, than the value of S.F is -10. Hence, suddenly the value

o Im 1m m A of Shear Force changes by 10 due to point load.

+ve +ve

Fig 24
}{I
10KM 10KM
10KN 10KN

X— — —x

D 1m 1m m A

If we consider section X-X which is just right of point B than the
value of S.F is -10 but if we consider the section X’-X’ which is
just left of point B, than the value of S.F is 0. Hence, suddenly

the value of Shear Force changes by 10 due to point load

10KN Fig 25 10KN

Similarly of point C, D.

Important:- Hence, at every point load the value of Shear Force changes suddenly or even we can say that at
every point load we have two values of shear force this means that in Shear force diagram there will be a
vertical ordinate corresponding to point load/ reaction in loading diagram. It can be seen in the fig.21 there

are 4 point load (2 loading and 2 reaction) hence there will be 4 vertical ordinate in the shear force diagram as
seem in Fig 22.

Example 1

Write the shear force and bending moment and draw SFD and BMD.

X
10KN 10KN
+Ve +ve X
X | 50KN-m
/]! B
a ‘ _ | 5m . A
14 |
é 5m X X
, , 10KN
Fig 26 Fig 27 X

‘ N




Table 2

Region | Limitof | Eq.of S.F Boundary Variation | Eq. of BM Boundary Variartion of
X values of S.F | of S.F values of B.M
B.M
A-B 0-5 +10 (0,10),(10,0) | constant | -10x 0,(10,0) linear
X X

At point A, we have a point load of 10KN hence, the shear force at point A will
10KN  have two values one 10KN  at section x-x ‘(just left of A) and other 0 at
section x-x (just right of A) as shown in Fig 28 Similarly for B we have two
values of shear force.

50KN-m
B
5m A
10KN Fig 28 XX
X X
10KN
50KN At point B , we have a moment of 50KN-m hence, the bending moment at
5 -m point B will have two values one 0 at section x'-x’ (just left of A) and other
2 5m A 50KN-m at section x-x (just right of A) as shown in Fig 29
10KN Fig 29
X X
10KN 10KN 0 0
B +Ve +ve
A X x
B 0 14 |
0 A X X

10KN B.M.D

Fig 31

SFD Fig 30

» If the loading is having a point load than the shear force diagram will have a vertical ordinate (shear

force will change suddenly)
» As per our sign convention if you move from left to right and a point load is downward than the value
of shear force will decrease and if you move from right to left and a point load is downward than shear

force will increase.

Similarly,

» if the loading is having a concentrated moment than the bending moment diagram will have a vertical
ordinate. (bending moment will change suddenly)

» As per our sign convention if you move from left to right and a concentrated moment is clockwise
than the value of bending movement will suddenly increase and if you are moving from right to left
and a concentrated movement is clockwise than the value of bending moment will decrease suddenly.




Example 2

Write the shear force and bending moment equations and draw SFD and BMD

10KN 10KN 10KN 10KN
75KN-m
ﬁ 2.5m 2.5m N 2.5m 2.5m
jC B A xB A
< -« X
Fig 32 Fig 33
20KN
X X Table 3
Region | Limitof | Eq.of S.F Boundary Variation | Eq. of BM Boundary Variation of
X values of S.F of S.F values of B.M
B.M
A-B 0-2.5 +10 (0,10),(10,20) constant | -10x 0,-25 linear
B-C 0-2.5 +10+10 (10,20),(20,0) constant | -10(2.5+x)-10(x) -25,(-75,0) linear
20KN 20KN
CO B 0 +Ve +ve e
+ 1OKN T0KN A }\( ‘
25KN : \ ( | j
c B 0 / |
o A | x
SED B.M.D
Fig 34 75KN Fig 35
Example 3
X and BMD
10KN-m
10KN-m \
e B
éB 5m 5m « * i/
10KN-m
0
X
Fig 36 Fig 37
Table 4
Region | Limitof | Eq.of S.F Boundary Variation | Eq. of BM Boundary values | Variation of
X values of S.F of S.F of B.M B.M
A-B 0-5 0 0,0 constant | -10 (0,-10),(-10,0) constant
B 0 0 0 0 +ve +ve X
A X
= = A ‘
Fig 38 -10KN-m -10KN-m  Fig 39 ‘ /
B.M.D L x




Example 4

Write the shear force and bending moment equations and draw SFD and BMD

X X
1OKN 10kn
10KN-m
35KN-m \
a 2.5m 2.5m \ B
10KN-m ' ¢ Zﬁ
Fig 40 10 Fig 41
X X Table 5
Region | Limitof | Eq.of S.F Boundary Variation | Eq. of BM Boundary values | Variation of
X values of S.F of S.F of B.M B.M
A-B 0-2.5 0 0 constant | -10 (0,-10),-10 constant
B-C 0-2.5 +10 (0,10),(10,0) constant | -10-10(x) -10,(-35,0) linear
10KN 10KN
+ +Ve tve X
0 R
0z 3 / ; C I >
SFD 14 |
Fig 42 % X
Example 5
Write the shear force and bending moment equations and draw SFD and BMD
X X
10x
T0KN/m TOKN/m TO0KN/m|
/ / / =
R v B 5 ,
B
om hosKNam 5™ «X hoskNm 5™ « X
50KN % 50KN \%
Fig 44 . Fig 46
Fig 45 Table 6
Region | Limitof | Eq.of S.F Boundary Variation | Eq. of BM Boundary values | Variation of
X values of S.F of S.F of B.M B.M
A-B 0-5 10x 0, (50,0) linear -10x(x/2) 0,(-125,0) parabolic

The variation of shear force is linear but the variation of bending moment is parabolic, we can draw parabola in 2

ways as shown if Fig 48 and Fig 49




50KN

0 0

BO A B A

S.F.D

Fig 47

S50KN-m
The “2” parabola is not correct, the reason is : Fig 49

. . . d(B.M)
> Relationship Between Shear force and Bending moment = S.F,
> Slope of bending moment diagram at any section = shear force at that section.
» Shear force is positive than slope of bending moment diagram is anticlockwise.
» Value of shear force is increasing between two points than in between those two points the value of slope of

bending moment will increase.

The value of shear force from A to B increases which means that the slope of bending moment diagram must increase
from A to B. In 1° diagram the slope of bending is increasing but in 2" diagram the slope of bending moment diagram
is decreasing. Similarly, the value of shear force at A is 0 which means the slope of bending moment diagram must be
0 at point B, which is only possible in 1% diagram not is second diagram.

» The shape of bending moment diagram is governed by shear force diagram.
> AM=[V.dx change in bending moment diagram between two points=(Mina-Minitial)= Area
under the SF diagram between those two points. (not applicable for concentrated point
moment)

Example 6
Write the shear force and bending moment equations and draw SFD and BMD

X FExX
10KN/m P
B60KN-m - B60KN-m
y mtv‘\ \
_ Bm g X A— Bm g X A
R A — —
Fig 50 30KN Fig 51 30KN Fig 52
X Table7
Region | Limitof | Eq.of S.F Boundary Variation | Eq. of BM Boundary Variartion of
X values of S.F of S.F values of B.M | B.M
A-B 0-6 (5/6) * x2 0, (30,0) parabolic | —(5/6) x 0,(-60,0) 3 degree
2*x/3 parabolic
C
30KN
30KN
SFD
1
B 0 B
A 0
_ S.FD _
Fig 53 Fig 54




The variation of shear force is parabolic, we can draw parabola in 2 ways as shown if Fig 53 and Fig 54.

The “2” parabola is not correct, the reason is :

> Relationship Between Shear force and Rate of Loading

A\

% = Rate of loading,

Slope of shear force diagram at any section = rate of loading at that section.

If force is downward than slope of shear force diagram is clockwise.

>
> Value of intensity of loading is increasing between two points than in between those two points the value of
slope of shear force will increase.

The value of rate of loading from A to B increases from 0 to 10KN/m, which means that the slope of shear force
diagram must increase from A to B. In 1% diagram the slope of shear forces is increasing but in 2" diagram the slope
of shear force diagram is decreasing. Similarly, the value of rate of loading at A is 0 which means the slope of shear
force diagram must be 0 at point B, which is only possible in 1** diagram not is second diagram.

» The shape of shear force diagram is governed by rate of loading.
> AV=[Wy.dx change in shear force diagram between two points=(Vina-Vintial)= Area under

the loading diagram between those two points. (not applicable for concentrated point load)

C 0
30KN B A
S.F.D
/| |
+ } )
B 0 x
BOKN- X
Fig 55 A C m Fig 56
Summary
Table 8
Loading S.F. diagram B.M. diagram

Point load (downward)

Vertical ordinate

Change in slope at that point

Rectangular loading

Incline line, slope clockwise

2" degree parabola, slope anticlockwise

(downward)

Triangular loading 2" degree parabola, slope clockwise 3™ degree parabola, slope anticlockwise
(downward)

Concentrate Moment No effect Vertical ordinate

No loading Horizontal line Incline line

Symmetrical Beam

Skew — symmetrical diagram

Symmetrical diagram

Point of Contraflexure;- Point where bending moment changes its sign.( B.M=0 at the point)

* — It is not the point where B.M is zero but B.M need to change the sign (it's a important point in RCC design as at
this point the direction of reinforcement changes from top to bottom or bottom to top.)

» To find point of contraflexure write the equation of bending moment for the particular region put that to zero.
» The point where shear force changes its sign (V=0) bending moment will be maximum (+value).
> Point of inflection;- Point where deflected shape changes its curvature (B.M=0 at that point)




Example7 Write the shear force and bending moment equations and draw SFD and BMD.

X %ﬂ_ﬁﬂﬁx Ty

/3 10KN
10KN X 10KN
10KN/m 120KN 120KN-
N M\ - 6m <X—A
— 6m <_X—A -
fj B 6m A —
40KN
Fig 57 40KN Fig58 X x  Fig 59
Table 9
Regi | Limit | Eq. of S.F Boundary Variation | Eq. of BM Boundary Variation of
on of X values of S.F of S.F values of B.M | B.M
A-B | 0-6 10+(5/6) * x? 0, (40,0) parabolic | —(5/6) * 0,(120,0) 3 degree
x2*%/3-10x parabolic
0 0
-
4(]3\\~R B I"‘r,f‘—" !a
\ 8. F . D -~ +ve e
10 X
‘ B.M.D / | C ‘ >
B / ‘ // ‘
0 0 120 Fig 61 X X

Fig 60

» The loading is downward and increasing from point A to B hence slope of shear force is clockwise and
increasing . Shear force is positive and increasing hence slope of bending moment diagram is anticlockwise

and increasing.

At point A rate of loading is 0, hence the slope of SFD is 0 at point A but the slope of bending point will not be
0 at point A because the value of shear force at A is 10.

Example8 Write the shear force and bending moment equations and draw SFD and BMD

10KN
10KN/m
S1m im
) 5m
Fig 62
GOKN
X
‘ 10KN
10KN/m
245KN-m
DS mly L) Ll 1m

X
‘ 10KN
10KN/m
245KN-m I—Hﬁ
DN 1m 1m 245’%\"",‘_" .
c 5m B A s \‘ m
Fig 67 . Fig'63
Figed [ —
BOKN
BOKN
DE[]KN BOKM
C
Fig 68
+ 10KN
10KN
SF.D

Fig 66
X

10(x)
/2

10KN

=




Region | Limitof | Eq.of S.F Boundary Variation Eq. of BM Boundary Variation of
X values of S.F | of S.F values of B.M B.M
A-B 0-1 +10 (0,10),10 constant -10x 0,10 linear
B-C 0-5 +10+10(x) 10,60 linear —-10(x + 1) — 5x2 | -10,-185 2° Parabola
D-C 0-1 +60 (0,60), 60 constant +60(x)-245 (0,-245),-185 Linear
T0KN/mM
10KN m X
Example9 10KN ‘
10KN
55KN
o : m im |
1m m ! C B 3m | A
3m ‘
Fi
'9 69 Fig 70 X
25KMN
X
10KN/m X 10KN 15KN  Treating tiangular
lpading ag point load
10KN 4
Axi10#x, 0 *
z i(3 X) EEKN
13
55KN ’ D ‘\ im | m 1m 2m
/ C B A
D 3 m im ! L X
/ C B 3m A *
« X Fig 72
Fig 71 25KN
25KN X
Table 11
Region | Limitof | Eq.of S.F Boundary Variation Eq. of BM Boundary | Variation of
X values of S.F | of S.F values of | B.M
B.M
A-B 0-3 1y (10 . |0,15 2° 1\ 10y 3 | 0-15 3° Parabola
(E) ) (?) e Parabola (E) i (?) e
B-C 0-1 15 15, (15,25) constant —15(x+ 1) -15,-30 Linear
D-C 0-1 +25 (0,25),(25) constant +25(x)-55 (0,-55),-30 | Linear
0 0
A
2EKMN o5KN 3" Parabola
B.M.D 15KN-m
+ +
15KN V;? v )‘ﬁ
15KN {
+ change in slope / ‘ ‘
2°Parabola /f
SFD Fig 74 " |
X
D 0 p X
D c A 55KN-m

Fig 73




SHEAR FORCE & BENDING MOMENT DIAGRAM

Example10

Draw the shear force and bending moment diagram for Trapezoid loading.

*
/SDHme ~ SO
["—— '\-\_\__\_\_\-\-H
A T T
[
-\-\-\-\-‘""\-\.
TOKMNmM p
p ;,; TOKMNS/mM
7 -
B 51 a — =P 5 A
e .
-~ Fig 75 m Fig 76
Trapezoid loading can be break into triangular and rectangular loading as shown in Fig 76
X
20KN/m
""--.__\_\__
/4““&&
[
I 14204, *
I 55 X X
|2 .
oo | 10™
X/3
«
B 5m Y A
4)(—
Fig 77
Table 12
Region | Limit of | Eq. of S.F Boundary | Variation Eq. of BM Boundary | Variation of
X values of of S.F values B.M
S.F
A-B 0-5 N, (20 2 0,50 2° 1 20 0,-95 3° Parabola
(2) i ( 5) X Parabola - (E) * (?> *x2*x/3
+10% 10*%*%/2
0 0
50 B A
S FD 3° Parabola
2° Parabola
BMD .
0 :|’< X
Fig 79 Fig 80 | o
A




SHEAR FORCE & BENDING MOMENT DIAGRAM

Example11 Draw the shear force and bending moment diagram for Trapezoid loading.

~T| 1eKNm f,x"”’fj {0KN/m
5KN/ // - T
— Y ,/5}(me
O D A A
om 10KNim /20 m em 10KNJm

For the given loading, the rate of loading is varying , at point A the rate of loading is 15KN/m-10KN/m=5KN/m
downward, but at point B the rate of loading is 5KN/m-10KN/m= -5KN/m. the variation in the rate of loading leads to
change is slope of shear force diagram. At 2.5 m from point A, the rate of loading is 0 i.e slope of shear force diagram
is 0 at that point.

X
~T |, Aokn/m
1#10#,,#
e XX ]
Hry ///
5 ,/‘SKN/m
#/2 »
243 A
B O O A N
20.83KN-m /) 5m 10KN/m
" Fig 83
X ’X
0 107
Table 13
Region | Limit Eq. of S.F Bound | Variation of S.F | Eq. of BM Boundary | Variation of
of X ary values of | B.M
values B.M
of S.F
B-A 0-5 —x?>—-5xx+10*x | 0,0 2° Parabola —20.83 — x2 * g — 0,-20.83 3° Parabola
5% x %=+ 10 =
2 2
B 25m 2.5m +ve e
6.75

/|

X
7 ‘/’ C

|
|
X

k

B 25m

Fig 84

‘ N




SHEAR FORCE & BENDING MOMENT DIAGRAM

THRUST DIAGRAM

Thrust force is the algebraic sum of all the longitudinal forces acting on either side of the section. (Remember, after
finding the reaction, treat reaction as a externally applied load).

X
Sign convention :- | X-X is a section
tve,
| The left hand force on left hand side of section is +ve
Fig 86 )|( The right hand force on Right hand side of section is +ve.
E X 202
20KN/m
100/42
e 45°\(\ 202 1Y 20/42
Bé 5m A — BT/ 5m x A
20/+2
Fig 87 X
Fig 88
Table 14
Region | Limit Eq. of thrust Boundary Variation of 0?2 202
of X values of Thrust
Thrust ~\»
B-A 0-5 14.14 (0,14.14) Constant 5
0
(14.14.0) Thrust Diagram
Example 13Draw the shear force and bending moment and thrust diagram for. Fig 89
10KN/m
EOSANN &\xym\\\
5m
e SNl
Fig 90
X
10427
,waz KN/m 2 /1 0N
501'\4"2 0 _501'\‘2 0
— A 1oMEmw c B
A S B L Wi
18/42KN/m X N
2512 25/v2 25N2 X 25/\2
Fig 90 Fig 91
Table 15
Region | Limit | Eq. of S.F Boundary Variation of | Eq. of BM Boundary Variartion of
of X values of S.F S.F values of B.M B.M
A-B 0-5 17.67-7.07*x (0,17.67), Linear 17.67*x-7.07*° 0,0 2° Parabola
(-17.67,0)

‘ w



SHEAR FORCE & BENDING MOMENT DIAGRAM

Table 16
Region | Limit Eq. of thrust Boundary Variation of
of X values of S.F | thrust
A-B 0-5 35.35-7.07*x (0,35.35) (0) | linear
22.09 939
1787 +
O‘ + C _ 2.5m 0 +
B 25m A B 25m C 25m A B 25m 25m A
. Fig 94
SF.D Figo2 17 67 Figos B.M.D Thrust

» At point C, Shear force is zero hence slope of BMD is zero and bending moment is maximum at point C.
How to draw the SFD and BMD without writing the equation

Remember the table and directly draw the SFD & BMD.

Table 17

Loading S.F. diagram B.M. diagram
Point load (downward) | Vertical ordinate of value equal to point load | Change in slope at that point
Rectangular loading Incline line, slope clockwise 2" degree parabola, slope anticlockwise
(downward)
Triangular loading 2m degree parabola, slope clockwise 31 degree parabola, slope anticlockwise
(downward)
Concentrate Moment | No effect Vertical ordinate of value equal to point load.
No loading (in Horizontal line Incline line
between the other
loading)
Symmetrical Beam Skew — symmetrical diagram ( the diagram | Symmetrical diagram

is exact opposite about central line.)

» if you move from left to right and load is acting downward than shear force will be decreasing and vice-
versa and if you move from right to left and load is acting act downward shear force will be increasing and
vice-vera.

» if you move from right to left and moment generated by loading act anticlockwise than bending moment will
be increasing and vice-versa and if you move from left to right and moment generated by loading act
clockwise than bending moment will be increasing and vice-versa

» Atany point,if S.F is having 2 values (due to point load) than at that point B.M will have 2 slopes.

» Thrust diagram works same as shear force diagram.

. Example14 Draw the shear force and bending moment diagram
A 3m \ 2m 2m DZ 3m E A JF D EO Find the reactions and treat them as
/B C 0 B G o loading as shown in Fig 97
10 a0 SFD~ ; A,C & E are having point loads so vertical
10 ordinates and moving from A to C no
Fig 95 25 o1 loading hence shear force is constant.
9 Fig96 19 Moving just left of C to just right of C the

A_3m )\ am\ 2m p{ am g 11 10KN is downward hence shear force will

/B C N 9 + b

D decrease. Similarly for A & E.
10 A B c 0
3 7




SHEAR FORCE & BENDING MOMENT DIAGRAM

Concentrated moment at B and D so vertical ordinate at B and D. moving from A to B the moment is
clockwise so bending moment is increasing. At B. 3*3=9, , At C 3*5+10=25 At D 7*3=21

Example 15 Draw the shear force and bending moment diagram

Using the concept of free body diagram

10KN
shift the loading to the beam.and find
10KN reaction.
2m
1m For SFD, from Fig 100 the beam carries
A B A B m C  apointload at A, B, and C (treating
20KN/m ZZ reaction as loading) hence we will be
Fig 99 Q00 ) . . ;
3 Fig 100 |- having three ordinate equal to point
3 3 35 load. In span AB & BC no loading
A + o hence, constant shear force.
0 B 0 19
SFD — A + c For BMD, from Fig 100 moving from left
Fig 101 7 7 0 B _ to right the moment generated by 3 is
BMD Fig102 clockwise, hence bending moment is

increasing up to B (5*3=15) then carries a concentrated moment clockwise at B hence, having a increasing ordinate of
20 (15+20=35). For span BC no loading hence inclined line joined to C at which bending moment is 0.

Example 16 Draw the shear force and bending moment diagram

17.5

17.5
7.5
0 10KNim 44 75
A + F
B ¢ NbD— . [
A1m Vv 1m 1ImY¥ 1m F S.F.D 7.5 Bl
B C 3m D E Fig 103 175 175
& Fig 102 Q0
17.5 175

for SFD, 4 point load, 4 ordinate. At point C,
S.F=+7.5, but at D, S.F=-7.5, it means in between
C and D shear force is 0.

(S.F)ep = 17.5-10-(10/3)*x*x/2=0 =x=1.5m

At center shear force is 0, hence bending moment will be
maximum. (B.M)cp=17.5*3.5-10*2.5-(10*3)*3/(2*3)=32.5

Example 17 Draw the shear force and bending moment
diagram

For SFD, at A vertical ordinate of 12.5 and at point B the
vertical ordinate is of 17.5 downward. Join both the points by
2 degree parabola (as loading is trapezoid)

(S.F)x= 12.5-5*x-(0.5)*x**(10/3)
(S.F)x=0=3.33x*+5x-12.5=0, x=1.32m

(B.M); 5,=12.5*1.32-5%1.32*1.32/2-0.5%(10/3)*1.32**1.32/3

BMD F
Fig1bsKN’
KN/m
A B
3m
7 x SO
125
. 175
12_5‘ Fig 105
1.78 -
N -
1.32 .
S.F.D 2" Parapola
17.5
3° Parabol ig 106
+ 0.86
A B
B.M.D

Fig 107

‘ (4]




SHEAR FORCE & BENDING MOMENT DIAGRAM

(B.M)1 32=(B.M)yax=10.86 KN-m
The SFD will be 2™ degree parabola and BMD will be 3" degree parabola.

Example 18 Draw the shear force and bending moment diagram

?N-mfm 5 MN-m/m No vertical loading, hence shear
WIINANID (LI 22222
om oornm Bending moment at section x,
from free end is equal to area
Fig 108 ing = 5*
g 0 Fig 109 under the loading = 5*x
The variation of BMD is inclined
0 line as shown in Fig.110A
SFD —
Fig 110 10KN-m B.M.D Fig 110A

Example 19 Draw the shear force and bending moment diagram

10 N-m/m
Nm/

IR 7T 1))~ % )J))))) 7 L)) S,

hence 2 ordinate

X in shear force
LTI . OO : diagram.
X
e Fig 111 10 Fig 112
10 10 (B.M)y=10*x-
10*x=0
0 S.F.D 0
The bending
- B.M.D moment at each
oint is zero
10 10 Fig 114 P
Fig 113

Example 20 Draw the shear force and bending moment diagram

A N = AL L sees L

302 2m 2m B+ 2m B
Fig 115 10 Fig 116 10 Fig 117
I /\
34.64

A + 0 A —I_ _I_

0 B 10 0

SED B.M.D A _ =0 _

A longitudinal force in form of udl of intensity 17.32KN/m is acted on beam hence the thrust diagram is linear.

‘ o



SHEAR FORCE & BENDING MOMENT DIAGRAM

Example 20 Draw the shear force and bending moment diagram.

BHMN/m 10KN BKN/m SKN
1m_z430°
3.66KN-m
B 3m L B 3m C 2m j}
A Zm / /\ D A 2m 8 66KIP
Fig 121 6.56KN Fig 122 4 44KN
5 5
B056 Cho st
A 0o A 0 0
— _ B D
6 SFD Fig 123 —
2° Parabola 5 ET
’ Thrust Diagram 867
1 66 Fig 124
0 B C ‘u
A 3° Parabola D
6.34
Fig 125 B.M.D
Example 21 Draw the shear force and bending moment diagram
3,75 11.25
//1 OKN/m ' //1 OKN/m
15KN/m 15KN/m
A 3m C \D E | 3m_ C_ \D
3m B 1mZ 1m A  3m B 1mZ im E
00
OKN/m
Fig 126 OKN/m Fig 127
11.25 11.25
A D E
+ 0
1.87,
A C D 0 3° Parabola
378 - B.M.D
43.83
2° Parabola SFD 2° Parabola
18.75 Fig 128 Fig 128
Maximum B.M will occur at point F(S.F=0), use similar triangle formula between B and C. A X= &:ZB)
18.75 % 3 -
=———=1.87
18.74 4+ 11.25 B
z

&

(B.M)p = —3.75% (3 +1.87) — 2% 310 (2 + 1.87) + 10 » 1.87 » =L = —43.83
2 3 2

Fig 128




SHEAR FORCE & BENDING MOMENT DIAGRAM

Example 22 Draw the shear force and bending moment diagram and find the point of contraflexure.

46 46
A 0 3m c b E Ar——B F c oD E
AR N 1"@"@( _ 0\6 — “—’SZ;SD
3 KN/m ' ' -
086 Fig 129 46 Fig 130 0

. B 3m C E, Point of contraflexure
AN ™o mmg 0B

E
¥3 KN/m KN-m Ao F—"% BmDp °
Fig 131 07 Fig 132

The shear force is 0 at point F, slope of B.M.D will be 0 at F.

Bending moment at B is -06*1=-0.6 and bending moment at D is +10, and bending moment in between B and C is
1.732

. *xx2—10=0 = x=1.75

parabola, point of contraflexure lies in between B and C. (B.M) 5 = +4.6 x (x + 1) +

Example 23 Draw the shear force and bending moment diagram and find the point of contraflexure

100KN
A 2m DI1mE 1m F

X B 3m C 3m
L \L J/\H/¢ \L\L \L J/J/\L\L\L J/¢\L\w In this example, for UDL total load is
given hence intensity of udl is
100KN/10m=10KN/m. same for D to F
TOKN triangular loading the maximum intensity of

3KN/m 15KN loading is 10*2/2=10KN/m.
Fig 133

Kz Q@

Rg=50-7.5+10*+1*3*2*(2*2+6)*1=47 83 Rg=78-47.83=30.17

24.83
9.83 10 5 S.F.D at point E, the rate of loading is zero hence
A0 —+ -+ = slope of shear force diagram will be 0, the S.F is
B 548 G c _'2_0,] d D 0 zero at point G and H as shown in Fig.134.or region
- ' 5 17' | — AB and DF the variation of S.F is 2° Parabola.
- | Fig 134
S.FD I 20.17 For region AB and DF the B.M is 3° Parabola. For
23 | region BD the B.M is 2° Parabola.
10.34 .
Point of contrafl
Point of contraflexure 6'84(3 c H ot o contratiextire
551
A \/ —+ F
— \ﬁe@/
D
5 B.M.D Fig 135 10
23

Example24 Find the position of two supports such that maximum B.M should be minimum.

WKN/m
< L meter / >
: >
X meter /‘ Fig 136 \ X meter

Q. Q0




SHEAR FORCE & BENDING MOMENT DIAGRAM
Sol:-The structures are designed for maximum bending moment, so for a designer it is important to reduce the
maximum bending moment, For understanding the problem, let us assume w=10KN/m and L=8m.

1OKN/m IF both the supports are placed at the end than the

CASE 1 « 8 meter .
beam will become simply supported and BMD is as
shown in Fig. the maximum +ve bending moment
Fig 137 Y1=80KN-m and maximum —ve bending moment is
0
+ Y 1=80KN-m
B.M.D
- If,both the supports are placed at 3m
Au J/ “/\L J/\L J/J/\LB\L J/\L \\/ J/g/J/\L\N// JE/)J/\N/ J/MM E  from free end than the beam will
_ AR become overhang and BMD is as shown
Fig 138 « 3m e 2m (Ir? 3m___,  inFig. the maximum +ve bending
moment is OKN-m and maximum —ve
bending moment Y2= 45,
A C E
Y2=45KN-m Y2=45KN-m
CASE 3 < L meter WKN/m

WRRARRA)

A

Fig 140

RARRRRRNARAN AN AR
B C D WE

X meter
[oXele]

2
(y3)g = % (max —ve moment)

wx?  wl (1
G3s = G3)e =5 =5 (G-%) x5

Pl TN
W W

wL (L wL?
. (g _w
2 2 2X4

= x=0.207L

If both the supports are placed such
that +ve bending moment is equal to —
-ve moment than as shown in Fig

y3 <Y, &y; <y;iemaxBM
(either +ve or —ve) is minimum

Fig 141

(max +ve moment)

If supports are positioned at x=0.207L for our example this is 1.65m, then the maximum moment for which beam is
designed is 10.89KN-m which is less than 80KN-m and 45KN-m obtained in case 1 and case2. As shown in Fig 143

CASE 3 < 8 meter /1OKN,"ITI -
A C D E
1.65 meter 1.65meter
Fig 142
m
Y3=16.89 Y3=10.89
\W\I/ B.M.D W

Fig 143




SHEAR FORCE & BENDING MOMENT DIAGRAM

Example 25 The left hand support hinged is fixed at end. Find the position of Right hand support Such that max.
(B.M) is minimum. As shown in Fig. 144

< L meter WKN/m N
o Ll
/. |
B C %»
X meter D ]
GO0 Fig 144

Sol- The given beam is not symmetrical, Maximum +ve bending moment will be in between A&C , maximum bending
moment will not be at center but at a point (‘a’ distance from A) in between A & C, where shear force is 0 and
Maximum —ve bending moment will be at right support i.e point C.

« a >
+ + R. — wL? _ wL(L-2x)
S.F.D — X C7 " A7 2%
Fig 145 5.F) wL(L — 2x)
Y1 . = ——//—— Wa
+ AT -
B.M.D Y1
Fiq 146 (S F)AC =0= (B M)max + ve
g
L
—(L—2x)
_ wL(L-2x) _ _ _ 2(
(S F)AC =0= —Z(L—X) wa=20 =d = L—x
WL2 [L-2x]2 wx?
(B.M)max+ve = T[L—x] & (B. M)max —ve = —

Equating the (B. M) . sagging = (B. M) ,.xHogging and solving for x, x=0.293L
Example26 Analyse the beam as shown in Fig.147

the rope EC will be in tension.

E E
T The free body diagram of the
w4 ml4 T rope is shown in Fig148
A C A ~C Resolving the forces in
im B 1m @ om D im B 1m = 2m D horizontal and vertical direction
o) &oo atpoint C&E. as shown in
Fig 147 1 41KN Fig 148 1.41KN Fig149, considering the vertical
equilibrium of forces at point C
TSIN45° E 1KN Tsin45°=1.41= T=1
TCOS45% 1KN
1m TSIN45® 1m 1KN Substituting the value of T, as
A TCOS4s A 1KN ? shown in Fig151
im B 1m lc 2m D im B 1m cC 2m D
QOO0 Q00

1.41KN 1.41KN

‘ N




SHEAR FORCE & BENDING MOMENT DIAGRAM

1m B\ 1

e

1KN  O.41KN

1*3/4+0.41*2/4-1/4=0.70 1*1/4+0.41*2/4+1/4=0.70
Fig 151
0.70KN  0.70KN
A + B OKN A 0 0
C D Bl __ C D
_ 1KN 1KN Thrust Diagram

SFD 0.29M | g

Fig 152 1.707 Fig 153

0 c Do
Fig 154

How to draw Loading Diagram from Shear Force and Bending Moment Diagram
For the given SFD or BMD or both we can draw the loading diagram by using the Table17 (page number 15).

» if you move from left to right and shear force is increasing than load act upward and vice-versa and if you
move from right to left and shear force is increasing than load act downward and vice-vera.

» If shear force is inclined line than slop of inclined line will give you intensity of loading.

» if you move from right to left and the bending moment is increasing than loading is upward ( moment
generated by loading act anticlockwise) and vice-versa and if you move from left to right and bending
moment is increasing than loading is upward ( moment generated by loading act clockwise) and vice-versa.

Example 27 For the given SFD, draw the loading diagram.

32 32
+ 1. The first view is at point A,,20KN point load at point C
0 A 2m B 2m C 5 O] D 68KN point load and at D 32KN point loads. In between
. m AB and CD no loading. In between BC UDL.
20 20 S F D 2. Moving from just left of A to just right of A, shear force
' decreases it means loading act downward, hence 20KN
Fig 154 36 act downward.

3. Moving from just left of C to just right of D, shear force increases it means loading act upward, hence 68KN act
upward.

4. Moving from just right of D to just left of D, shear force increases it means loading act downward, hence 20KN act
downward.

32
20 5. Moving from C to B (right to left), shear force increases (-36 to -20) hence
8KN/m udl act downward.
A B Zm 2m 6. Intensity of UDL is equal to slope of inclined line =(36-20)/2=8KN/m

68




SHEAR FORCE & BENDING MOMENT DIAGRAM
Important:- Check for £V = 0 and M = 0 for complete loading
J2V=0=>+68—-20—-32—-8%x2=0 0K
(EM), =32%*6+8%2x3—68*4=—32,tomake (EM) ,=0 there must be a concentrated moment some

where in AD of magnitude 32 clockwise. You can place the concentrated moment anywhere as it will not hamper the
SFD. Its always better to place at end as shown in Fig155

20 32
& 8KN/m
u B ZIm Zm
32
68

Loading Diagram

Example 28 For the given BMD, draw the loading diagram.

2°Parabola 54 N _m

2°Parabola
A 4m ,~ B 2m 4m 4m E 4m F
C D
2°Parabola Linear
BMD 24KN-m Line&r 2AKN-m
Fig 157

1. Starting from A and moving towards B, the variation of BMD is 2degree parabola, no point load at A, (slope at A is
0) only udl in between AB, assuming intensity of udl as w acting downward. as moving from left to right the value of
bending moment is decreasing, the bending moment at B will be -W*42/2=-24= w=3KN/m.

6KN
24KN-m 2. From B to C the variation of BMD is inclined
SKN/m SKN/m - line, hence as per table no loading in between
B | E BC but 2 slopes at B so point load at B. The

A 4Am 2mC 4am D Am 4m bending moment at C without considering point

load is M’c=-3*4*(2+2)= -48 but the value of
Loading .th.e bending momgn_t atC=0 i’F means this

Figq 158 point load will be giving clockvylse moment.to
9 24KN 18KN make moment at C =0,assuming W as point

load and taking moment at point C from left
hand side. M= -3*4*(2+2)+W3g*2=0—= W=24KN.

3. From C to D, the variation of BMD is 2degree parabola, no point load at C (only one slope at C) hence only udl in
between CD, The bending moment at D without considering UDL load is M’p= -3*4*(2+6)+24*6= +48 but the value of
.the bending moment at D =24 it means this UDL load will be giving anti clockwise moment to make moment at D
=24KN-m assuming intensity of udl as w acting downward, the bending moment at D from left hand side will be
Mp=3%4(2+8)-24*6-w*4*2=24= w=3KN/m

4. At point D, there is a vertical ordinate in BMD, hence a concentrated moment at D, the intensity of moment is 24,
this is moment is decreasing the bending moment value while moving from left to right hence the direction of moment
is clockwise.

5. From D to E, the variation of BMD is 2degree parabola, no point load at D (slope of bending moment atD=0) hence
only udl in between DE, The bending moment at E without considering UDL load is M’g= -3*4*(2+10)+24*10-




SHEAR FORCE & BENDING MOMENT DIAGRAM

3*4(2+4)-24= 0 but the value of .the bending moment at E = -24 it means this UDL load will be giving anti clockwise
moment to make moment at E = -24KN-m assuming intensity of udl as w acting downward, the bending moment at E
from left hand side will be Mp=3*4(2+10)-24*10-3*4*(2+4)-w*4*2= -24= w=3KN/m

5. Moving from F to E (from left to right) the variation of bending moment is linear. Hence point load at F, since the
value of bending moment at E is negative, hence the point load will generate clockwise moment at D i.e point load act
downward. Let us assume the value of point load W¢, taking moment at E from right hand side, Mp=Wg*4=24—=
We=6KN.

6. At point E, bending moment is having 2 slopes, hence point load at E. Assuming point load Pg to act upward and
satisfying the £V = 0= 24+Pg-3*4-3*8-6=0= Pg=18KN.

Check for equilibrium equations.

(EM), =3%4+%2—24+4+3x8%(4+6)—18%14—6+18=00.K

Example 29 For the given BMD, draw the loading diagram

Linear 17.5KN-m

2°Parabola

C 2.5m D

5m 2.5m
Flg 157 B M D 1KN-m Linear

1. Starting from A and moving towards B, the variation of BMD is 2° parabola, but the slope at A is not zero, it
means that there is a point load at A. if we start from A than we have 2 unknowns one intensity of udl and
other point load so in this example we will start from D.

I AT T LT LT _ L o
Loading 18.5KN/m
5KN Fig 158

2. From D to C the bending moment is linear i.e no loading in between C to D, only point load at D. since
bending moment sign is —ve hence point load act downward. The value of point load is 1/(2.5)=0.4KN.

3. Atpoint C, we have a vertical ordinate of (17.5-(-1))=18.5, hence a concentrated moment is applied at C
having magnitude of 18.5 and anticlockwise.

4. Atpoint C, we have a point load since the slope of linear line between B&C and D&C is not same. Bending
moment at B without considering point load at B is -0.4*5+18.5=16.5, but actual moment at B is 15 hence
point load will act downward of value 1.5/2.5=0.6KN

5. From C to B, again variation of BMD is linear hence no loading.

6. From B to C, the variation of BMD is parabolic hence udl is acted in between B to A, since only one slope at
B, no point load is acted at B. Bending Moment at A from left side without considering udl is 18.5-0.4*10-
0.6*7.5=10, but bending moment at A is 0 udl act downward the intensity of udl = w*5*2.5=10= 0.8KN-m.

7. Atpoint A, bending moment is having slope, hence point load at A. Assuming point load P 4 to act upward
and satisfying the 2V = 0= P4-0.8*5-0.6-0.4=0= P»=5KN
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Eample-30 Find the reaction and draw the bending moment diagram for the beam having internal hinges.

16KN
16KN-m

B/ C D e Taking moment about at left side of the internal hinge.

A Am am @ am im Eam ¥ Mc=0 Ry *8— 16 = 0 = R, = 2KN
6KN Taking moment about right side of the internal hinge
g >Mc=0 Rp*4+Rg*x12—-16*x8=0
8
38 BM.D Taking moment about A > Ma=0
Rp*20+Rp*16—16*16—16=0........ (2)

Solving 1 and 2 R = 9KN and R, = 5KN. The BMD is shown in the above Fig.

The free body diagram method to solve the above problem is as follows.

16KN
- 16_
16KN-m 8->
Am & 4m am im E dm
16_ JAN Y L L X

T =2 SNle] SNiTe]

16_ 16_

82 82 16/2-2412 £5 16-2-5=9
Example-31Find the reaction for the beams shown in below

16KN Since ‘C’ is a hinge, hence bending moment at ‘C’ is zero on

either side of the ‘C’.

a am B om ‘3 am D Taking right side ofthe ' CZM =0 > R, *4=0=>Rp, =0
A
é V=0 >Ry, =16KN My =164 = 64KN —m (A.C.W)
Q00
16KN
Since ‘C’ is a hinge, hence bending moment at ‘C’ is zero on
either side of the ‘C’.
a 4m B. 2m y4m D
éA C Taking right side ofthe ‘C XM =0 > Rp*6—16%x2=0
Q0O0

= Rp = 5.33KN
IV =0 =R, +Rp = 16KN = R, = 16 — 5.33 = 10.67KN

Ma = 16 % 6 — 5.33 * 10 = 42.7KN — m (A.C. W)




BENDING STRESSES

» Assumptions
1. The material is isotropic, homogenous and obey hook’s low (stress « strain, N A N A
and stress < elastic limit) YT T -
2. Plane transverse section remain plane and normal before and after the bending
(as shown in Fig.1), hence effect of shear is ignored. / \
3. Every layer of material is free to expand or contract longitudinally and laterally without shear with shear
under stress and do not exert pressure upon each other. Fig.1
¥ :
\~ a%r;r?g:]% ¢ Force distribution

within beam

Longitudinal lines
’ become curved

Transverse lines rems
straight, yet rotate

. Fig.4 Fig.5

Fig.2

Fig.3

» When any member is acted by load which results in bending as shown in Fig.3 than due to bending the cross-
section changes

» ifthe bending is Hogging than fiber above neutral axis is under tension and fiber below the neutral axis is under
compression.

» If the bending is Sagging than fiber above neutral axis is under compression and fiber below the neutral axis is
under tension as shown in Fig.4

» As shown in Fig.6 is a member having cross-section is acted by sagging moment than the extreme fiber will
experience maximum change while as we move toward the neutral axis the change will be less and at neutral axis
there will be no change.

» Hence, Neutral axis imply the location of zero stresses in the member subjected to pure bending.

» Neutral axis always passes through Center of gravity.

> As shown in Fig.7 the maximum strain in compression is e., corresponding to maximum stress f., and maximum
strain in tension is e; and corresponding to maximum stress f;

> If the section having a cross section area A, is having a moment of resistance as M., than

> Mp=fc*xAc* (yp+yz) or My =fix Apx (yg +y)or My = fe x Acxyp + fi * Ag * y,

> f; = f.. (since no external force is applied in transverse direction)

» If at any distance y from N.A, the stress is ‘f than % = }—f, = g

Where, M;i=moment of resistance, I=moment of intarsia at N.A E=Young Modulus, f= stress at a distance of y from

1
neutral axis, R=Radius of curvature. R p (curvature)

R f,
a b | ad b p fo*A
Y1
N AN A .
/ B fi*A
// \\ et ft ft
c c C d Strain Stress Fig.7

Fig.6

Mr _ fmax _ fmax —
oot Ay M= D[y M= 7k f,

I Ymax Ymax




Where, Z is section modulus

» Greater the section modulus Z, greater will be the strength of the section.
» Zis a property of cross-section only i.e it only depend on geometry of the section.
» Z does not depend on loading, material.

Example1. Compare the flexural strength of three beam of equal weight.

(@) I-section 100mmX200mm having 10mm flange thickness and 8mm thickness.
(b) A rectangular section having depth equal to twice the width.
(c) Solid circular section.

Solution All the three beams having equal weight implies that all is having equal cross-sectional area.

(@) IsectionA; =2 100 %10 + 41 48mm
180 * 8 = 3440 mm? T 10mm
1 1
[ ==—[BD3—bd3] = —=
12 12 82 94mm 8mm :
(100 = 2003 — 92 % 1803) = 200
2195 * 10*mm*
_ 10t _ 3 3
Z, = 2195 * o0 = 219.5 * 10°mm Fig.8 | 10mm
(b) Rectangular section A, = bd =b * _ Fig.10
2b=2b%2 =A; =3440 = b = 41.473mm &d = 82.94mm Fig.9
1 1
Z, = gbd2 = 3 * 41,473 x 82.94% = 47.6 * 103 mm?3
(c) Circular cross-section A3 = g* d? = 3440 = d = 66.18mm
s 8
Zs = §d3 =33" 66.18% = 28.5 * 103mm3

Z, > 71,.> 73 , Hence, of equal weight |-section is strongest than rectangular and least is circular.

Example2 Find the width and depth of the strongest beam that can be cut out of a cylindrical log of wood, whose
diameter is ‘D’

3

Solutionb = R, & d=D *\E Fig.11

Example3. A long rod of length ‘L’ ‘1’ thickness is bent into a circular arc with central deflection ‘d’. Find the
longitudinal strain.

Solution when we bend the rod, this becomes a case of pure bending, It
let R be radius of curvature than g
¢ ¢ ¢ L2 L2

_E_M_f_y f_ in) = = _t
STRTTOETR E—e(Straun) =y/R, y=t2, e=—

Fig.12

, L2 . 4td
Using the property of chord R = o~ hence e(strain) = =
Example4. Compare the moment of resistance of a beam of square -
section made of same material but placed (a) with two sides horizontal (b) b b
with a diagonal horizontal.

b 1.41*b
, _ 1 b* 1.4
Case1. Itis a square having Z; = e gb
2
Fig.13 Square =

Rhombus




Case2. It a rhombus with one diagonal horizontal

1 1 3 b4’ b4- 1 b3
I.=2%[—+b (—bz) _r_ ., r.1_5
XX *[12* \/_* 2* \/_ 12 2 12*% 6\/7

2

M; = fimax *Z1 and M, = f,,,.« * Z, since both the material is same hence f; 2y = fomax

M, Z
M—1 = Z—l =+/2 = 1.414 Hence, Z, is 41.4% more stronger than Z,.
2 2

Example5. A simply supported beam of span 2m, subjected to U.D.L of 10KN/m. Find the maximum tensile stress
and maximum compressive stress.

100mm
[12.5mm
Solution I, = 364.3 * 10*mm* (y.)max = 37.33mm and (V) max = 37.33mm
82.67mm N A
120mm|
2
Maximum bending moment M = % =5%10° N — mm 12.5mm
| Fig.14

5%10°

M __ox10™ _ 2
" Yo = =% 37.33 = 51.24N/mm

Maximum compressive stress f..x =

_ _ M 5%10°
Maximum tensile stress fi 2 = —

_ v — 2
T Yp = o 82,67 = 113.46 N/mm

Example6. A steel wire of 10mm diameter is bent in a circular arc of 20m radius. Determine the maximum stress
induced in it if E=2 * 10°N/mm?.

Solution Diameter of wire 10mm = Y.« = 5mm, R=20m, E= 2 * 10°N/mm?

f E 5%2*10°
T = 5 f . = ————— = 50N/mm?
Vmax R 20000
» We can increase the moment of resistance by cutting upper and 5718

lower part of square section with the diagonal in the plane of
bending as shown in Fig.15. 8B/18
» If we cut the top and bottom edge by B/18 than section modulus

B B
. I C .
will increase , the reason is Z = ; the distribution of mass is
less as we move away from the N.A. i.e the ‘I’ decrease less but
y decreases more hence Z increases. _B/18 .
But after B/18, moment of inertia decreases more than . Fig.15
B3

The sectional modulus before cut is Z; = —— and after cut is 0.11d

32
Z, = —B3 5.35% more

729 D

» Similarly for circle as shown in Fig.16 /

Fig.16 0.11d




Beam of Uniform Strength

» A beam of uniform strength has the same maximum strength w
stress all along the length i.e the section will change along the L2 L2
length in such a way that the extreme fiber stress is constant c
all along the length. A Fig.17 A

oNeIs]
Case1. A simply supported beam with point load at the center. Find the section of the beam so that uniform strength is
achieved along the span. (find the depth assume width to be constant=b).

» Let the top fiber stress is 'f along the length and Z, is section modulus at any distance X’ from support A.

1 Wx
MrXZfZXZf*gbd)z( :MX:T

w ’
= —X = fx —bd2 = d2 = Wx — %X since / is constant for the given condition. Hence dy varies

square root of ‘X’

Case2. For the same beam as in casel1, find the section of the beam so that uniform strength is achieved along the
span (find width assuming width to be constant ‘d’)

1 Wx 3w
My =fZ, =f* gbxd2 = M, = - %— f*= b d*=>b= 3WX:> by = ?;N*x smcefd—zls constant. Hence

‘b’ varies linearly with ‘X’
» The section of uniform strength depend upon (1) type of loading, (2) amount of stress.

Example7. Find the force in ‘ABCD’ and ‘EFGH’ and their moment produced about N.A as shown in Fig.

Solution A _200mm B finax =50
100mm ///////////////////////////i/////////
Force produced in any section is =Average stress x area of section D
,,,,,,,,,,,,, E__IF
Stress at AB=50, at CD=50*150/50=16.67, EF=0, HG=50*120/150=40 300mm r2omm
L
50+16.67 H eomm | G
Fagcp = - * 200 * 100 = 666.67KN
fmax=50
0+40 Fig.18

FEFGH = * 80 *x 120 =192KN

Moment produced by section about N.A= Average stress x distance of centroid of the stress diagram of the section
from N.A

Mpgcp = 666.67 * 108.33 = 72.22KN —m  Mgpgy = 192 *g* 120 = 15.36KN — m

Example8 The cross-section of a beam is shown in Fig.19 the 150 92 100
permissible stress in compression is 100N/mm? and in tension is 60
140N/mm?. Calculate the moment of resistance of the section subjected
to a sagging moment.

Solution Iy, = 19372 * 10*mm*.y. = 115mm & y, = 175mm.

If stress in compression reaches 100N/mm? than stress in tension will
be 100*175*115=152.2>140 (permissible stress in tension) hence not
possible. Fig.19

30

140 1522

If stress in tension reaches 140N/mm? than stress in compression will be 140*115/1 75=92N/mm? < 100 ok

‘ N




Moment of resistance of the section is 117(5) * 17372 * 10* = 139 * 10°N — L

mm
Brass E;
Composite Section Fig.20
> When two different material having young modulus E{, E, (E; < E,) Steel E2

and permissible stress (04, 0,) joined to make a composite section, the
two members can’t bend about their own axis but will bend about a common axis.

» Convert the two material into one material by changing the length dimension of one of the section. Mostly we
change the dimension of material having more ‘E’.

» The new dimension will be L, = m * L; where m is known as modular ratio, m = E; /E, as shown in Fig.

» Next step, is find the C.G and moment of interial of the equivalent section.

» Check the permissible stresses at the respective points and find moment of resistance.

Example9 Two rectangular bars, one of brass and other of steel are placed together and firmly secured as shown in

Fig. find the moment of resistance of the section if 80mm
SN 5
Eg=2+2N g = 08«2V Brass 20mm
mm mm
N 20mm
fs: max = ::12 fb’max = 75N/mm2 Steel
Fig.21

Solution since, both the material is firmly secured, both will bend about the common axis. In order to locate the N.A
convert the section into equivalent section as shown in Fig.22

E

m = E—S = 2.5 the width of the equivalent section for steel will be 2.5*80=200mm as shown in Fig.22
b
f] E 1 120 48N 75N
Maximum permissible stress in brass with respect of steel is b_b__ fp=—=
fs Es m 25 mm? — mm?2

legivalent = 64.38 * 10*mm* § = 15.71mm

80mm 74.22
Brass 20mm
"""""""""" Brass ~  20mm 459 =
200mm 48 Fig-22
. . - . . 48 74.22N
The stress diagram is shown in Fig.22 . the maximum stress in brass= == * 24.29 = ——~ < 75 OK

104

Moment of resistance of the section M, = 74.22 * 64.38 * 220 = 1.96 * 10°N — mm

Unsymmetrical Bending

Till now we have considered only vertical loading (loading in Y-direction) but when beam is applied with loading in Y-
direction and Z-direction as shown in Fig. 23

As shown in Fig.24 due to load F, and F, beam will bend in two planes and thus having two curvatures. As shown in
Fig.24




> Thus the total axial stresses at each end A,B,C,D will be algebraic sum
of the stresses produced by moment M, & M,

¥4 . '
An, Fig.24 _Al *B
! 1.5+075m
M, & : M
pi 4\\ - y
Sk Fig.25 Wz
X C D

Equation of Neutral Axis

e
y=41—tanf;z
I

the angle of neutral axis with z-z tan® = ;—Ztane
y

> Ifl, >1,than § > 6 and vice-versa

Example10 A cantilever beam of span 2m has inclined loading at the free end. The x-section of the beam is shown in
Fig.25 Calculate the bending stress at the four corners A, B, C, D of the beam cross section at fixed end.

Solution at fixed end M, = 8.66 *2 = 17.32KN —m & My =5%2 = 10KN —m

3 3 3 3
_ 200(300)* _ 180(260)° _ 186.36 x 10°mm* & L =2 x 20(200) + 260(20)

y = 26.84 * 10°mm*
12 12 12 12

I

Due to F,, A & B point will be in tension and C & D will be in compression
y 300 10KN . Dueto F, B & C point will be in tension and A and D will be compression

A 200mm B

M,y M,z M,y 17.32%105%150 13.94N
20mm Oy = + = =
L, I 1, 186.36 * 106 mm2
300mm Z Myz 10 * 10° * 100
LT 2684w 108  o2oN/mm
20mm y )
23.32N
Do Oxp =13.94-37.25 =~~~ 0,5 = +13.94 +37.25
D 200mm C 51.19N

mm?

Oxc=—13.94+37.25 =23 6., = —13.94-37.25 = - 27

mm?




Take Home Test

Question1. A rectangular steel beam 180x260mm in cross section is used as simply supported beam over a span of
8m and is subjected to a UDL of 1KN/m and also concentrated load of 5KN at 2m from each support inclined at 30°to
the vertical axis. Determine the bending stress at the four corners of the beam and location of N.A of cross section.

Question2. A cantilever beam has a circular cross section of diameter ‘D’ at free end. Calculate the location at which
maximum bending stress will act.

W




Column

Any structural member carrying load axially in vertical direction are known as columns.

Columns are classified by their mode of failure.

Short Column fails by crushing, Long Columns fails by buckling, Intermediate column fails by combination of
crushing and buckling.

» P, = Critical load, it is defined as smallest load at which buckled shape is possible is Critical load.
P<P P<=Pr P <P P=P: P=Pr P=Pr P =Py
BQAJTJ l/ SQerf 50— i 5Q —— g SO — X 3Q—= i
|'l rl ! ;.r:’ uf’
STABLE NEUTRAL UNSTABLE _
Fig.1 EQUILIBRIUM Ei I%QUILIBRIUM EQUILIBRIUM Fig.3
: ig.

» Slenderness Ratio (1) =

Effective Length Effective Length Effective Lenght

Least Lateral Dimension

Radius of Gyration

I

If slenderness ratio is large, column will fail in buckling otherwise by crushing or yielding.

» Korr= \/l:\ is known as radius of gyration.
>

Euler’s Theory

P Eld?y d’y Py
J/ dx? YT % TE
Solving above differential equation y = C;cosx /% + C,sinx %

» Using end condition we get at (x=0,y=0 = C4=0) and

> xLy—O:SmLf \fOTTZTT
T?El

> p==2

T2EI

> forn=1 P, =P = (the smallest load at which buckle shape is possible)

Le¢s

The critical load is also known as crippling load or Euler load P.. = Pg

Fig.4

P=m2EI/L?

n=1

Pr=4n?El/L?

n=2

P=9m2EI/L?

n




Limitation of Euler Formula

The assumption that load is axial and no deflection of column before application of load is not practical.

o __ P m2El _ m2E
critical — A LgffA - (LLff)z
r

m2E

> Euler formula can not be applied if A <
y

For mild steel having vield stress is 250N/mm? and corresponding A = 89.89, Similarly for proportionality limit of
250N/mm? A = 99 (approx)

» Hence, Euler formula can only be applied for long column.

F/A Ineastic
Stabilty
Limit

o, B
(Strangth Limit)

]
1
L
1
1

Euler's Formula
(Elastic Stablity Limit)

Intermediate

§

Shart

o Ur
» No factor of safety is taken into account.

Effective length

> Effective length is the distance between two point of contra flexure on the
buckling shape.
P, m’El m’E
Ocritical = 3 — 73 = 2
A LggA (Leff)

r

Where, I'npin = flnxn = radius of gyration —_ 'w\\- 5'-7-7-57-'-1 w ? g 5
Buckled shape ! H ': “. K .:
L 2E of column ; \ ! N i
A== = |Z= Xis known as slenderness ratio shownby | \ / B ;
Tmin Per dashed line | ' : :’ : !
I I E {

Theoretical K |, o 0.7 1.0 1.0 2.0 20
value

Recommended| 55 | ggg | 12 | 10 | 210 | 20
design value K

Rotation fixed and translation fixed

w Rotation free and translation fixed

End condition

key Rotation fixed and translation free

Rotation free and translation free




Rankine Formula

1 1+1 ORP_PC*PE
Pg " Pg+ P,

P R
P. is ultimate load which depend on ultimate crushing stress (constant for a material ) P. = f. x A

Py is crippling load by Euler and P, is Rankine load.

.S Code Method (Merchant Ranking Formula)

0.6fccfy

2E
——Y_  wheref.. = — &f, is yield stress
[+ cor

Oac =

SELF BUCKLING

» A free standing vertical column with density p, Young Modulus ‘E’ and buckle under its own weight if its

EI )1/3

height exceed H¢ = (@

Euler postulated a theory for columns based on the following assumptions:

Column is very long in proportion to its cross sectional dimensions
Column is initially straight and the compressive load is applied axially
Material of the column is elastic, homogeneous and isotropic

Effect of direct stress is very small in comparison with bending stress.
Column shall fail by buckling alone.

V V.V V VYV V

Effect of self-weight of column is negligible




Combined Direct and Bending Stresses
Bending stress and direct stress changes the Neutral axis or sometime vanish the neutral axis.

A compressive member may be subjected to axial load which may not pass through its geometric axis, thus causes
bending as well as direct stress.

y\ P
S —
1 B
1 Ph)x Pk
______________O_i_____!( _____ 41 __ X b A Iy IX
X 0,0
| .x v The value of x lies between +d/2 to —d/2
C D The value of ‘y’ lies between +b/2 to —b/2
y Fig.6
> If h=e and k=0
P (Pe)x P (Pe)x _
Oxy =7 % + L <= P, and T, P,

x will be positive in OB and OD segment and negative in OA and OC, thus leading to reduce in P,. as shown in Fig.
the shaded portion shown the compression.

| M N Case-1 Case-2 Case-3
AI ' /WB
}’(,,,,,,,,,,,,,,,EE_.ELD,,,,,,,){ b
0,0 i

L Ty / /
C ' n]

/ ik P=P

P >p Po<Py 0~ b
Pa=P, 0 b
Py
As shown in Fig. for

case 1, the entire section is in compression but for case 3 the Point A is having neither tension nor compression and
for case 2 the some part of section is in tension. Hence, the most favorable case is case1 when complete column will
be in compression.

Y
d . |
P ex d P Ped 2K? y/ : —
X>? forxmax__E'X>ZAK2 iemaxSToremazSX A | B
(A)For Rectangle X | d/B# d/6 | x b
E. SR
d/3
K= |ibd g 2ande <Ko <2 <d
12bd max = g max = 12d max = ¢ 5 D
+ Fig.8
y g

d
Middle Third Rule €,,x = o for no tension to develop in a

rectangular section. Hence the stress will be of the same sign throughout the section if the load is within the
middle third.




Reckon Online Classes COLOUMB

nd*  d* d? 2d? d
B) ForCircle K=—+7—==—ande < Se<-
(B) 64 E*dz 16 max — =3
. d . . .
Middle fourth Rule e,y = 3 for no tension to develop in a rectangular section.

Hence the stress will be of the same sign through the section if the load is within

the middle fourth. | d/8¢ d/8 |
D?+d? d/4
(C) For Hallow Circle e < =
Fig.9
P , (Ph Pk
Core of Rectangle oy, = " + ( . X + ( . )y
y X

d b
Xmax_E&Ymax:_E:)O-x,y:P[____

the most favorable case is there is no tension in the section i.e 0y y = 0

, 1 6h  6k] _ _
which means [X —rE @] = ( for area A=bd

h k
we get [% + %] = 1 for locus substitute (h,k)=(x,y) [%( + %y] =1 ;

this is a set of equation forming rhombus having length of diagonal b/6 and d/6
and side =,/(b% + d?)/6

This rhombus is called the core or kern. Hence stresses will be wholly
compressive throughout the section, if the line of action of ‘P’ falls within the !

rhombus. )
Fig.10

For circle the core is d/4 if ‘d’ is the diameter of circular column.

Example1. A short column of hallow circular section is attached with a projection bracket carrying a load of 100KN.
The load line is off the axis of the column by 200mm. find the maximum and minimum stress intensity in the column, if
its external diameter of 200mm and internal diameter of 150mm.

m  200%-150%

Solution A = .7854 * (200% — 150%) = 13744.5mm? Z = 25 200 = 536893mm3
__ P 100x10%3 | M 100%10%x200 2
PO = K = 137425 728(comp) Pb = iE = W = i3725N/mm

foax = 7.28 + 37.25 = 44.53

(Compressive) & fi, = 7.28 —37.25 = —29.97

(Tensile)

mm? mm?2

Example2. A load of 50KN act as shown in Fig.11 Find the stresses develop at each corners of the pier, what
additional load should be placed at the center of the pier, so that there is no tension anywhere in the pier section.

Solution b=3m, d=2m, A=6m? ly=—+ 323 = 2m* Iy, =—+ 233 =45m* h=04m k=0.8m

‘ N



B
(-1.5,1) ' 0.8
O 0.4
X 7T E)jdi """""" - %] 2m
C 5 D
(-1.5,-1) ! (1.5,-1) Fig.11
¥
(P)x _ (50+0.8)+15 _ 1333 & (PK)y _ (5050.4)+1 _ 10& P=5%0_g33
Iy 4.5 I 2 A 6
P , (Ph)x , (PK)y
Oxy =7 X x
XA Iy Ix

AtA (-151) 0, = 833+ 10 — 13.35 = 5KN/m?  AtB(1.5,1) og = 8.33 + 10 + 13.35 = 31.66KN/m?
AtD (1.5-1) op = 8.33 — 10 + 13.35 = 11.6KN/m? AtC (1.5,-1) o¢ = 8.33 — 10 — 13.35 = —15KN/m?

w
Let ‘W’ be the additional load placed for no tension in the section than - = 15 = W = 90KN

Sectant Formula

d%y (Pe Py)

2 \ETHE

‘ w



